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Abstract. In the paper we investigate the degree and the homotopy 
theory of Orlicz-Sobolev mappings W 1,P (M, N) between manifolds, 
where the Young function P satisfies a divergence condition and forms 
a slightly larger space than W ' n , n = dimM. In particular, we prove 
that if M and N are compact oriented manifolds without boundary and 
dimM = dimiV = n, then the degree is well defined in W 1 ' P (M, N) if 
and only if the universal cover of N is not a rational homology sphere, 
and in the case n = 4, if and only if N is not homeomorphic to S 4 . 



1. Introduction 

Let M and N be compact smooth Riemannian manifolds without bound- 
ary. We consider the space of Sobolev mappings between manifolds de- 
fined in a usual way: we assume that N is isometrically embedded in a 
Euclidean space M fc and define W 1,P (M,N) to be the class of Sobolev map- 
pings u e W 1 ' p (M,R k ) such that u(x) G N a.e. The space W X,P (M, N) is 
a subset of a Banach space W l,p (M,W k ) and it is equipped with a metric 
inherited from the norm of the Sobolev space. It turns out that smooth 
mappings C°°(M, N) are not always dense in W 1,P (M, N) and we denote by 
H 1,P (M, N) the closure of C°°(M, N) in the metric of W X,P {M, N). A com- 
plete characterization of manifolds M and iV for which smooth mappings 
are dense in W 1 ' P (M, N), i.e. W 1,P (M, N) = H 1,P {M, N), has recently been 
obtained by Hang and Lin, |22j . 

The class of Sobolev mappings between manifolds plays a central role 
in applications to geometric variational problems and deep connections to 
algebraic topology have been investigated recently, see e.g. [2], [3], [4], [7], 

P3], n [H], [E], PU, [12], [IS], [2D], [21], [22], [25], [H], [32]. 

In the borderline case, p = n = dimM, it was proved by Schoen and 
Uhlenbeck ([33], [34]) that the smooth mappings C co {M,N) form a dense 
subset of W 1>n (M,iV), i.e. W 1,n (M, N) = H 1 ' n (M,N), and White [38] 
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proved that the homotopy classes are well defined in W ' n (M, N), see also 
[8], [9]. Indeed, he proved that for every u £ W 1,n (M, N), if two smooth 
mappings u±,U2 € C°°(M, N) are sufficiently close to u in the Sobolev norm, 
then u\ and U2 are homotopic. 

If dim M = dim N = n and both manifolds are oriented, then the degree 
of smooth mappings is well defined. There are several equivalent definitions 
of the degree and here we consider the one that involves integration of dif- 
ferential forms. If a; is a volume form on N, then for / € C°°(M, N) we 
define 



"'^ [J v r ")/(.- 

Since f*uj equals the Jacobian Jy of / (after identification of n-forms with 
functions), it easily follows from Holder's inequality that the degree is con- 
tinuous in the Sobolev norm W 1,n . Finally, the density of smooth mappings 
in W l ' n (M, N) allows us to extend the degree continuously and uniquely to 
deg : W 1 ' n (M,N) -> Z. 

Results regarding degree and homotopy classes do not, in general, extend 
to the case of W 1,P (M, N) mappings when p < n. This stems from the fact 
that the radial projection mapping uq(x) = x/\x\ belongs to W 1,p (B n , S" 1-1 ) 
for all 1 < p < n. 

A particularly interesting class of Sobolev mappings to which we can 
extend the degree and the homotopy theory is the Orlicz-Sobolev space 
W l ' F {M, N), where the Young function P satisfies the so called divergence 
condition 

r°° Pit) 

(1.1) / -^dx = oo. 



In particular, P(t) = t n satisfies this condition, so the space W ,n (M,N) is 
an example. However, we want the space to be slightly larger than W 1 '™, 
and hence we also assume that 

(1.2) P(t) = o(t n ) as t -> oo. 

In addition to the conditions described here we require some technical as- 
sumptions about P; see Section HI Roughly speaking, u E W 1, (M, N) 
if f M P(\Du\) < oo. A typical Orlicz-Sobolev space W 1,p discussed here 
contains W 1 '" 1 , and it is contained in all spaces W 1,p for p < n 

W i,n cW i,P c pj w i, p _ 

l<p<n 

A fundamental example of a Young function that satisfies all required con- 
ditions, forms a strictly larger space than W 1 '™, and strictly smaller than 
the intersection of all W 1,p , 1 < p < n, is 

t n 

P{t) = log(e + t)- 
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It is easy to check that no ^ W l,p (B n , S" 1-1 ) if and only if the condition 
(jl.ip is satisfied, see [T71 p. 2], so the presence of the divergence condition 
is necessary and sufficient for the exclusion of mappings like x/\x\ that can 
easily cause topological problems. 

The class of Orlicz-Sobolev mappings under the divergence condition has 
been investigated in connections to nonlinear elasticity, mappings of finite 
distortion [30] and degree theory [15] , [T7] , Roughly speaking, many results 
that are true for W l,n mappings have counterparts in W 1,p as well. In 
particular, it was proved in [17] that smooth mappings C°°(M, N) are dense 
in W 1 ' P (M,N) if P satisfies {HD, see Section 11 

We say that a compact connected manifold TV" without boundary, 
dim TV" = n, is a rational homology sphere, if it has the same deRham co- 
homology groups as the sphere S n . It has been proved in [17] that if M and 
TV are smooth compact oriented n-dimensional manifolds without boundary 
and N is not a rational homology sphere, then the degree, originally defined 
on a class of smooth mappings C°°(Af, N), uniquely extends to a continuous 
function deg : W X ' P (M,N) -> Z, see also [13] for earlier results. This is not 
obvious, because the Jacobian of a W X,P (M, N) mapping is not necessarily 
integrable and we cannot easily use estimates of the Jacobian, like in the 
case of W 1,n mappings, to prove continuity of the degree. The proof given in 
|17j (cf. [13]) is not very geometric and it is based on estimates of integrals 
of differential forms, Hodge decomposition, and the study of the so called 
Cartan forms. Surprisingly, it has also been shown in [IT] that the degree 
is not continuous in W 1,P (M, S n ). Thus the results of [17] provide a good 
understanding of the situation when TV" is not a rational homology sphere or 
when N = S n . There is, however, a large class of rational homology spheres 
which are not homeomorphic to S n and it is natural to ask what happens 
for such manifolds. 

In this paper we give a complete answer to this problem. In our proof we 
do not rely on methods of [IT] and we provide a new geometric argument 
that avoids most of the machinery of differential forms developed in [IT] . 

Theorem 1.1. Let M and N be compact oriented n-dimensional Riemann- 
ian manifolds, n > 2, without boundary, and let P be a Young function 
satisfying conditions (jl.ip . (|1.2p . (|4.ip and (|4.2p . Then the degree is well 
defined, integer valued and continuous in the space W X ' P {M,N) if and only 
if the universal cover of N is not a rational homology sphere. 

The theorem should be understood as follows: if the universal cover of N is 
not a rational homotopy sphere, then deg : C°°(M, N) — > Z is continuous in 
the norm of W 1 ' 1 * and since smooth mappings are dense in W 1 ' P {M, N) the 
degree uniquely and continuously extends to deg : W 1,P (M, N) — > Z. On the 
other hand, if the universal cover of N is a rational homology sphere, then 
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there is a sequence of smooth mappings Uk G C°°(M, N) with degUk = d > 
such that Uk converges to a constant mapping (and hence of degree zero) in 
the norm of W l,p . 

If n = 4, Theorem 11.11 together with Proposition 12.61 give 

Corollary 1.2. Let M and N be compact oriented 4- dimensional Riemann- 
ian manifolds without boundary and let P be a Young function satisfying 
conditions (jl.ip . (jl.2p . (|4.ip and f|4.2j) toit/i n = 4. XTien i/te degree is well 
defined, integer valued and continuous in the space W l ' p (M,N) if and only 
if Nis not homeomorphic to 5 4 . 

The next result concerns the definition of homotopy classes in 
W 1 ' P (M, N). 

Theorem 1.3. Let M and N be two compact Riemannian manifolds without 
boundary, n = dimM > 2, and let P be a Young function satisfying the 
conditions (fTTTj) . ([0]) , (jlTT]) and (@2|). If ir n (N) = 0, then the homotopy 
classes are well defined in W 1,P (M, N). If n n (N) ^ 0, the homotopy classes 
cannot be well defined in W 1,p (S n ,N). 

Theorem 11.31 has been announced in [TTl p. 5], but no details of the proof 
have been provided. It should be understood in a similar way as Theo- 
rem CCD Let 7r n (iV) = 0. Then for every u G W 1,P (M, N) there is e > 
such that if u\,U2 G C°°(M,N), \\u — «i||i,p < e, i = 1,2, then u\ and 
U2 are homotopic. Since smooth mappings are dense in W 1)P {M, N), ho- 
motopy classes of smooth mappings can be uniquely extended to homotopy 
classes of W l,p (M, N) mappings. On the other hand, if vr„(A r ) / 0, there 
is a sequence of smooth mappings u^ G C°°{S n , N) that converges to a con- 
stant mapping in the norm of W 1,p and such that the mappings are not 
homotopic to a constant mapping. 

The condition -rr n (N) = is not necessary: any two continuous mappings 
from CP 2 to CP 1 are homotopic (in particular - homotopic to a constant 
mapping), even though ^(CP 1 ) = tt^S 2 ) = Z.2- 

Theorems 1 1 . 1 1 and 1 1 . 3 1 will be proved from corresponding results for W 1,p 
mappings. 

Theorem 1.4. Let M and N be two compact Riemannian manifolds without 
boundary, dimM = n, n — 1 < p < n. Then the homotopy classes are well 
defined in H 1,P (M, N) if ir n (N) = 0, and they cannot be well defined in 
H l >' p (S n ,N), ifir n (N) ^ 0. 7/7r„_i(iV) = 7r n (iV) = 0, then the homotopy 
classes are well defined in W 1,P (M, N). 

The theorem should be understood in a similar way as Theorem 1 1.31 The 
last part of the theorem follows from the results of Bethuel [2] and Hang 
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and Lin |22j according to which the condition 7r ri _i(A r ) = implies density 
of smooth mappings in W 1,P (M,N), so H^ P {M,N) = W 1 ' P (M,N). 

Theorem 1.5. Let M and N be compact connected oriented n- dimensional 
Riemannian manifolds without boundary, n — 1 < p < n, re > 2. Then the 
degree is well defined, integer valued and continuous in the space H l,p (M, N) 
if and only if the universal cover of N is not a rational homology sphere. If 
the universal cover of N is not a rational homology sphere and ir n -\{N) = ; 
then degree is well defined, integer valued and continuous in W 1,P (M, N). 

Again, Theorem [L5] should be understood in a similar way as Theorem ll.il 
and the last part of the theorem follows from density of smooth mappings 
in W l,p , just like in the case of Theorem 11.41 

As a direct consequence of Theorem 11.51 and Proposition 12.61 we have 

Corollary 1.6. Let M and N be compact connected oriented 4- dimensional 
Riemannian manifolds without boundary, 3 < p < 4. Then the degree is 
well defined, integer valued and continuous in the space H 1,P (M, N) if and 
only if N is not homeomorphic to S 4 . If N is not homeomorphic to S and 
tts(N) = 0, then the degree is well defined, integer valued and continuous in 
W^ P (M,N). 

The paper should be interesting mainly for people working in geometric 
analysis. Since the proofs employ quite a lot of algebraic topology, we made 
some effort to present our arguments from different points of view whenever 
it was possible. For example, some proofs were presented both from the 
perspective of algebraic topology and the perspective of differential forms. 

The main results in the paper are Theorems 11.11 11.31 11.41 11.51 Corollar- 
ies 11.21 11.61 and also Theorem 12.11 

The paper is organized as follows. In Section [2] we study basic examples 
and properties of rational homology spheres. In Section [3] we prove Theo- 
rems 11.41 and 11.51 The final Section [4] provides a definition of the Orlicz- 
Sobolev space, its basic properties, and the proofs of Theorems ll.l| and 



In what follows, H k (M) will stand for deRham cohomology groups. We 
say that a smooth re-dimensional manifold M without boundary is a rational 
homology sphere if it has the same deRham cohomology as S n , that is 



2. Rational homology spheres 




K for k = or k = re, 
otherwise. 
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Clearly M must be compact, connected and orientable. 

If M and N are smooth compact connected oriented n-dimensional man- 
ifolds without boundary, then the degree of a smooth mapping / : M — > N 
is defined by 



deg/ = 




where u is any n-form on N with J N uj ^ (cj is not exact by Stokes' 
theorem and hence it defines a non-trivial element in H n (M)). It is well 
known that deg / 6 Z, that it does not depend on the choice of oj and that 
it is a homotopy invariant. 

The reason why rational homology spheres play such an important role 
in the degree theory of Sobolev mappings stems from the following result. 

Theorem 2.1. Let M be a smooth compact connected oriented n-dimen- 
sional manifold without boundary, n > 2. Then there is a smooth mapping 
f : S' n — > M of nonzero degree if and only if the universal cover of M is a 
rational homology sphere. 



Proof. Let us notice first that if a mapping / : S n — > M of nonzero 
degree exists, then M is a rational homology sphere. Indeed, clearly 
H°(M) = H n {M) = M, because M is compact, connected and oriented. 
Suppose that M has non-trivial cohomology in dimension < k < n, that 
is - there is a closed k form a that is not exact. According to the Hodge 
Decomposition Theorem, [37J, we may also assume that a is coclosed, so *a 
is closed. Then, oj = a A *a is an n-form on M such that 

/ u = / \a\ 2 > 0. 
Jm Jm 

We have 

deg / = %^ = ^ r " Ar( * a) = 

which is a contradiction. The last equality follows from the fact that 
H k (S n ) = 0, hence the form f*a is exact, f*a = dn. Since f*(*a) is 
closed, we have 

/ /*a A /*(*<*) = / d(r/ A /*(*«)) = 

by Stokes' theorem. 

The contradiction proves that H k (M) = for all < k < n, so M is a 
rational homology sphere. 
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On the other hand, any such mapping / factors through the universal 
cover M of M, because S n is simply connected, see [2H Proposition 1.33]. 



Clearly, M is orientable and we can choose an orientation in such a way that 
p be orientation preserving. 

Since deg/ ^ 0, /* : H n (M) -)■ H n (S n ) is an isomorphism. The factor- 
ization gives /* = /* op*, and hence /* : H n (M) — > H n (S n ) = 1 is an 
isomorphism, so M is compact. This implies that if u is a volume form on 
M, then J* gn f*u) ^ and hence deg / / 0. Indeed, uj defines a generator 
(i.e. a non-zero element) in H n {M) and hence f*oo defines a generator in 
H n {S n ). If T) is a volume form on S n , then /*w = cr/ + dA, c / 0, because 
H n {S n ) = M and the elements /*w and 77 are proportional in H n (S n ). Thus 

The last argument can be expressed differently. Since M is compact, 
the number 7 of sheets of the covering is finite (it equals |7r„(M)|, see 
[231 Proposition 1.32]). It is easy to see that deg / = 7 deg/, so deg / 7^ 0. 

Thus we proved that the mapping / : S n — > M has nonzero degree and 
hence M is a rational homology sphere, by the fact obtained at the beginning 
of our proof. 

We are now left with the proof that if M is a rational homology sphere, 
then there is a mapping from S n to M of nonzero degree. Clearly, it suffices 
to prove that there is a mapping / : S n — > M of nonzero degree, since the 
composition with the covering map multiplies degree by the (finite) order 7 
of the covering. 

To this end we shall employ the Hurewicz theorem mod Serre class C of 
all finite abelian groups (see [261 Chapter X, Theorem 8.1], also [29], [23~1 
Chapter 1, Theorem 1.8] and [351 Ch. 9, Sec. 6, Theorem 15]) that we state 
as a lemma. 

Lemma 2.2. Let C denote the class of all finite abelian groups. If X is 
a simply connected space and n > 2 is an integer such that TT m (X) £ C 
whenever 1 < m < n, then the natural Hurewicz homomorphism 



is a C -isomorphism (i.e. both ker/i m and coker/i m lie in C) whenever 
< m < n. 



M 




h m :TT m (X) ^ H m (X,Z) 
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Since M is a simply connected rational homology sphere, the integral 
homology groups in dimensions 2, 3, . . . , n — 1 are finite abelian groups: in- 
tegral homology groups of compact manifolds are finitely generated, thus of 
form Z £ © % k v \ © • • • Zj£, and if we calculate H m (M) = H m (M,R) with 
the help of the Universal Coefficient Theorem (O Theorem 3.2]), we have 
= H m (M) = Hom(iJ m (M,Z),R). However^ Hom(Z £ , R) = R e , thus there 
can be no free abelian summand Z in H m (M,1i) - and all that is possibly 
left is a finite abelian group. 



Now we proceed by induction to show that the hypotheses of Lemma 
are satisfied. We have vri(M) = 0, thus h 2 : vr 2 (M) -> H 2 {M,Z) is a C-iso- 
morphism. Since H2(M,Z) is, as we have shown, in C, the group ^(M) is 
a finite abelian group as well, and we can apply Theorem 12.21 to show that 
/13 is a C-isomorphism and thus that 113 (M) € C. 

We proceed likewise by induction until we have that h n is a C-isomorphism 
between 7T n (M) and H n (M,7j) = Z. Since coker/i„ = r L/h n ('K n (M)) is 
a finite group, there exists a non-zero element fc in the image of h n , and 
[/] € vr n (M) such that h n ([f]) = k^0. 

The generator of H n (M,Z) = Z is the cycle class given by the whole 
manifold M, i.e. h n {[f]) = k[M\; in other words - having fixed a volume 
form oj on M, we identify a cycle class [C] with an integer by 



|c| ^U^/Um" 

We also recall that the Hurewicz homomorphism h n attributes to an 
[/] 6 ffn(M) a cycle class h n ([f]) = f*[S n ], where [S n ] is the cycle that 
generates H n (S n ,Z) = Z. Altogether, 



Im u I'm 



CO 



since f*[S n ] = k[M]. □ 



To see the scope of applications of Theorem 11.11 and 11.51 it is important 
to understand how large the class of rational homology spheres is, or, more 
precisely, the class of manifolds whose universal cover is a rational homology 
sphere. 

One can conclude from the proof presented above that if M is a rational 
homology sphere then M is a rational homology sphere as well. We will 
provide two different proofs of this fact, the second one being related to the 
argument presented above. 
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Theorem 2.3. Let M be an n- dimensional compact orientable manifold 
without boundary such that its universal cover M is a rational homology 
n-sphere. Then 

a) M is a rational homology n-sphere as well. 

b) If n is even, then M is simply connected and M = M. 

Proof. We start with two trivial observations: the fact that M is a rational 
homology sphere implies immediately that M is compact {H n (M) = R) and 
connected (H°(M) = R). This, in turn, shows that M is connected and that 
the number of sheets in the covering is finite. 

For any finite covering p : N — > N with number of sheets 7 there is not 
only the induced lifting homomorphism p* : H k (N) — > H k (N), but also the 
so-called transfer or pushforward homomorphism 

r* : H k (N) -> H k {N) 

defined on differential forms as follows. For any x € N there is a neighbor- 
hood U such that p _1 (?7) = U% U . . . U C/ 7 is a disjoint sum of open sets such 
that 

Pi = P\u t :Ui^U 
is a diffeomorphism. Then for a A;-form uj on N we define 

7 

T*U)\U = X^ rl )*Mi7i) • 
i=l 

If U and W are two different neighborhoods in N, then r*a;|[/ coincides with 
t*w|vf on U fl W and hence r*cj is globally defined on N. Since 

7 7 
r*(dw)|i/ = ^(p^TiMui) = ^2,d{pr l )*(u)\ Ui ) = d(r^u\u) 

i=l i=l 

we see that T»od = dor, and hence r* is a homomorphism 

t* : i/ fc (iV) -> F fc (Af) . 
Clearly r* op* = 7 id on H k (N) and hence r* is a surjection. 

In our case N = M is a rational homology sphere and all cohomology 
groups H k (M) vanish for < k < n. Since r* is a surjection, H k {M) = 0. 
The remaining H°(M) and H n (M) are equal R by compactness, orientability 
and connectedness of M. 

Another proof is related to the argument used in the proof of Theorem [27TJ 
By contradiction, suppose that H k (M) 7^ for some < k < n. Hence there 
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is a non-trivial closed and coclosed fc-form a on M. Since a is coclosed, *a 
is closed. Then 



thus 



/ a A *a = / \a\ 2 > 0, 
Jm Jm 

0/7/ aA*a= lp*(aA*a) = lp*aAp*(*a) = 0, 
Jm Jm Jm 

because p*a is exact on M (we have H k (M) = 0), p*(*a) is closed, and 
hence p*a Ap*(*a) is exact. 

To prove b), we recall that if p : N — > N is a covering of order 7, then 
the Euler characteristic Xjy °f ^ is equal to 7Xw- This can be easily seen 
through the triangulation definition of \N'- to any sufficiently small simplex 
in N there correspond 7 distinct simplices in TV - in such a way we may lift 
a sufficiently fine triangulation of N to N; clearly, the alternating sum of 
number of simplices in every dimension calculated for N is 7 times that for 
N. 

In our case, the Euler characteristic of M and M is either (for n odd) 
or 2 (for n even) - this follows immediately from the fact that 



dim AT 



XN= (-l) l dfmiT(A0. 



i=0 

Therefore, for n = dim M even, the order of the universal covering M — > M 
must be 1, and b) follows. □ 

Remark 2.4. We actually proved a stronger version of part a). If a cover 
(not necessarily universal) of a manifold M is a rational homology sphere, 
then M is a rational homology sphere, too - in the proof we never used the 
fact that the covering space is simply connected. However, we stated the 
result for the universal cover only, because this is exactly what we need in 
our applications. 



Below we provide some examples of rational homology spheres. 

Any homology sphere is a rational homology sphere. That includes 
Poincare homology sphere (also known as Poincare dodecahedral space) and 
Brieskorn manifolds 

E(p,q,r) = {(zi,z 2 ,z 3 ) G C 3 : z{ + z\ + z\ = 0, |(zi,z 2 ,z 3 )| = 1} , 

where 1 < p < q < r are pairwise relatively prime integers. £(2,3,5) is the 
Poincare homology sphere. 

Recall that any isometry of M. n can be described as a composition of an 
orthogonal linear map and a translation; the group of all such isometries, 
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denoted by E(n), is a semi-direct product 0(n) x R n . Any discrete subgroup 
G of E(n) such that E(n)/G is compact is called a crystallographic group. 

Proposition 2.5 (see [36]). Lei us sei {ej} io 6e i/ie standard basis inR 2n+1 



Let T be a crystallographic group generated by isometrics of R + 

Ti : v i — ► Bi-v + ei, i = 1, 2, . . . , 2n. 
T/ien M = R 2ra+1 /T is a rational homology (2n + X)-sphere. 

For n = 1 this is awell known example of R 3 /C/6, see [391 3.5.10]. However, 
7Ti(M) = r is infinite and the universal cover of M is R 2n+1 , so M is an 
example of a rational homology sphere whose universal cover is not a rational 
homology sphere. 

The following well known fact illustrates the difficulty of finding non- 
trivial examples in dimension 4: 

Proposition 2.6. Let N be a compact orientable A-manifold without bound- 
ary. Then the universal cover of N is a rational homology sphere if and only 
if N is homeomorphic to S 4 . 

Proof. If N is homeomorphic to S 4 , then N = N is a rational homol- 
ogy sphere. Suppose now that the universal cover N is a rational ho- 
mology sphere. Theorem 12.31 tells us that N must be simply connected 
- therefore H\(N,Z) = 0. Standard application of the Universal Coef- 
ficients Theorem (see e.g. [61 Corollary 15.14.1]) gives us that H 2 (N, Z) 
has no torsion component (and thus is 0, since iV is a rational homol- 
ogy sphere) and H 1 (N,7*) = 0. Poincare duality, in turn, shows that 
H 3 (N, Z) w Ht(N, Z) = 0. The remaining H°(N, Z) and H 4 (N, Z) are Z by 
connectedness and orientability of N. Altogether, TV is an integral homol- 
ogy sphere, and thus, by the homology Whitehead theorem ( |24^ Corollary 
4.33]), a homotopy sphere. Ultimately, by M. Freedman's celebrated result 
on Generalized Poincare Conjecture (|10j) a homotopy 4-sphere is homeo- 
morphic to a S 4 . Whether M is diffeomorphic to S 4 remains, however, an 
open problem. □ 

One can construct lots of examples of non-simply connected rational ho- 
mology 4-spheres, although not every finite group might arise as a funda- 
mental group of such a manifold ([18, Corollary 4.4], see also [28]). 

As for higher even dimensions, A. Borel proved ([5]) that the only ratio- 
nal homology 2n-sphere that is a homogeneous G-space for some compact, 
connected Lie group G is a standard 2n-sphere. 



and 



Bi = Diag(-1, • • • 



-1,1 ,-1). 
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Another example is provided by lens spaces \24\ Example 2.43]. Given an 
integer m > 1 and integers £i, . . . ,£ n relatively prime to m, the lens space, 
L m {£x,...£ n ) is defined as the orbit space S 2n ~ l /Z m of S 2n - 1 C C n with 
the action of Z m generated by rotations 

p(zi, . . . , z n ) = (e 2 ^' m z 1} . . . , e 2ml "' m z n 
Since the action of Z m on 1 5 2n ~ 1 is free, the projection 



S 2n ~ l -> L, 



ml*l, 



is a covering and hence lens spaces are manifolds. One can easily prove that 
the integral homology groups are 



H k {L m {h,...,in)) 



Z if k = or k = 2n - 1, 
Z m if fc is odd, < k < 2n - 1, 
otherwise. 



Hence L m (£i, . . . ,£ n ) is a rational homology sphere with the universal cov- 
ering space S 2 ™^ 1 . 

In dimensions n > 4 there exist numerous simply connected (smooth) 
rational homology spheres - a particularly interesting set of examples are 
the exotic spheres, i.e. manifolds homeomorphic, but not diffeomorphic to 
a sphere (see e.g. a nice survey article of Joachim and Wraith |27J). 



3. Proofs of Theorems 11.41 and 11.51 

In the proof of these two theorems we shall need the following definition 
and a theorem of B. White: 

Definition 3.1. Two continuous mappings g±, g% : M — > N are £-homotopic 
if there exists a triangulation of M such that the two mappings restricted 
to the ^-dimensional skeleton M are homotopic in N. 

It easily follows from the cellular approximation theorem that this defini- 
tion does not depend on the choice of a triangulation, see [22j Lemma 2.1]. 

Lemma 3.2 (Theorem 2, [38])' Let M and N be compact Riemannian 
manifolds, f G W 1,P (M, N). There exists e > such that any two Lipschitz 
mappings g\ and gi satisfying \\f — gi\\w l <p < £ are \p]~ homotopic. 

Here [p] is the largest integer less than or equal to p. We shall also need 
the following construction: 
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Example 3.3. We shall construct a particular sequence of mappings 
gk : S n — > S n . Consider the spherical coordinates on S n : 

(z,9) i— >-(z sin cos #), 

z G S 11 " 1 (equatorial coordinate), 

9 € [0, it] (latitude angle). 

These coordinates have, clearly, singularities at the north and south pole. 
Consider the polar cap C k = {{z,9) : 0<#<±}and a mapping 



The mapping stretches the polar cap Ck onto the whole sphere, and maps 
all the rest of the sphere into the south pole. It is clearly nomotopic to the 
identity map - therefore it is of degree 1. 

Measure of the polar cap Ck is comparable to k~ n , \Ck\ ~ k~ n . It is also 
easy to see that the derivative of gk is bounded by Ck. 

Let 1 < p < n. Since the mappings gk are bounded and gk converges a.e. 
to the constant mapping into the south pole as k — > oo, we conclude that 
gk converges to a constant map in LP . On the other hand, the LP norm of 
the derivative Dgk is bounded by 



and hence gk converges to a constant map in W ,p . 

Proof of Theorem\L^ Assume that vr n (iV) = and / £ H l > p (M,N), with 
n — 1 < p < n. By Lemma 13.21 any two smooth mappings g\ and g<i suffi- 
ciently close to / are (n — l)-homotopic, that is there exists a triangulation 
T of M such that g\ and g<i , restricted to the (n — l)-dimensional skeleton 
M n_1 of T, are homotopic. 

Let H : M"" 1 x [0, 1] — > iV be a homotopy between g\ and 52 and let 
A be an arbitrary n-simplex of X. We have defined a mapping T~L from the 
boundary of A x [0, 1] to iV: it is given by g\ on A x {0}, by 32 on A x {1} 
and by H on <9A x [0,1]. However, <9(A x [0,1]) is homeomorphic to S n . 
Since ir n (N) = 0, any such mapping is null- homotopic and extends to the 
whole A x [0,1]. In such a way, simplex by simplex, we can extend the 
homotopy between g\ and g<i onto the whole M. 

We showed that any two smooth mappings sufficiently close to / in the 
norm of W l ' p are homotopic, and we may define the homotopy class of / as 
the homotopy class of a sufficiently good approximation of / by a smooth 
function. Hence homotopy classes can be well defined in H 1,P (M, N). 





0<9<l 
south pole) £ < 9 < it. 




\Dg k \ p < Ck p \C k \ < C'k p - n ■ -> as k -> 00, 
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If in addition 7r n _i(iV) = 0, then according to [22} Corollary 1.7], smooth 
mappings are dense in W 1 ' P (M,N), so W 1 ' P (M,N) = H 1,P (M, N) and thus 
homotopy classes are well defined in W 1,P (M, N). 

In order to complete the proof of the theorem we need yet to show 
that if 7r n (iV) ^ 0, we cannot define homotopy classes in W 1 ' p (S n , M), 
n — 1 < p < n, in a continuous way. As advertised in the Introduction, we 
shall construct a sequence of smooth mappings that converge in W 1,p (S n , N) 
to a constant mapping, but are homotopically non-trivial. 

If 7r n (iV) ^ 0, we have a smooth mapping G : S n — > N that is not homo- 
topic to a constant one. Hence the mappings Gk = Gog^ are not homotopic 
to a constant mapping, where gk was constructed in Example 13.31 On the 
other hand, since the mappings gk converge to a constant map in W 1,p , the 
sequence Gk also converges to a constant map, because composition with G 
is continuous in the Sobolev norm. □ 

The condition ir n (N) = is not necessary for the mappings g± and g2 to 
be homotopic, as can be seen from the following well known 

Proposition 3.4. Any two continuous mappings CP 2 — > CP 1 are homo- 
topic, while 7T4(CP ) = 1d2- 

Sketch of a proof of Proposition \3.4\ Since CP 1 = S 2 , we have ^(CP 1 ) = 
tt 4 (S 2 ) = Z 2 (see [2H P- 339]). 

The space CP 2 can be envisioned as CP 1 = S 2 with a 4-disk D attached 
along its boundary by the Hopf mapping H : S 3 — > S 2 . Therefore the 
2-skeleton (CP 2 )( 2 ) consists of the sphere S 2 . 

Suppose now that we have a mapping <f> : CP 2 — > CP 1 . If cj> is not null- 
homotopic (i.e. homotopic to a constant mapping) on (CP 2 )( 2 ), then its 
composition with the Hopf mapping is not null-homotopic either, since H 
generates 7r^(S 2 ) = Z. Then <f> restricted to the boundary S s of the 4-disk 
D is not null-homotopic and cannot be extended onto D, and thus onto the 
whole CP 2 . Therefore we know that (f> restricted to the 2-skeleton of CP 2 is 
null-homotopic. 

This shows that <ft is homotopic to a composition 

cp 2 A cp 2 /(cp 2 ) (2) = s 4 -> cp 1 = s 2 . 

It is well known that 7T4(5 2 ) = Z 2 and that the only non- null-homotopic 
mapping S 4 — > S 2 is obtained by a composition of the Hopf mapping H : 
S 3 -> S 2 and of its suspension EH : -> S 3 (see [24], Corollary 4J.4 and 
further remarks on EHP sequence). Then, if <j) is to be non- null- homotopic, 
it must be homotopic to a composition 

CP 2 As 4 ^>5 3 ^ s 2 . 
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The first three elements of this sequence are, however, a part of the cofibra- 
tion sequence 



and as such, they are homotopy equivalent to the sequence 

S 2 ^ CP 2 -> CP 2 U C(S 2 ) <-> CP 2 U C(S 2 ) U C7(CP 2 ) « CP 2 U C(S 2 )/CP 2 , 

since attaching a cone to a subset is homotopy equivalent to contracting this 
subset to a point (by C (A) we denote a cone of base A) . One can clearly see 
that in the above sequence the composition of the second and third mapping 
and the homotopy equivalence at the end, CP 2 CP 2 U C(S 2 )/CF 2 , is a 
constant map; thus the original map T,H o p : CP 2 — > S 3 is homotopic to a 
constant map, and so is H o T,H o p : CP 2 — > S 2 , the only candidate for a 
non-null-homotopic mapping between these spaces. □ 

Proof of Theorem \1.5[ This proof consist of two parts: 

In the first one, suppose N is such that its universal cover N is a rational 
homology sphere; n = dimM = dimiV. We shall construct an explicit 
example of a sequence of mappings in H 1,P (M, N), n— 1 < p < ra of a fixed, 
non-zero degree, that converge in H l,p -novm to a constant mapping. 

The manifold M can be smoothly mapped onto an n-dimensional sphere 
(take a small open ball in M and map its complement into a the south 
pole). This mapping is clearly of degree 1 - we shall denote it by F. Notice 
that F, by construction, is a diffeomorphism between an open set in M and 
S n \ {south pole}. Next, let us consider a smooth mapping G : S n — > N of 
non-zero degree, the existence of which we have asserted in Theorem 12.11 

We define a sequence of mappings F^ : M — > N as a composition of F, 
mappings gt given by Example 13.31 and G: 



The degree of Fk is equal to degG, thus non-zero and constant. On the 
other hand, we can, exactly as in the proof of Theorem 11.41 prove that 
Fk converges in W 1,p to a constant map. Since Fk converges a.e. to a 
constant map, it converges in LP . As concerns the derivative, observe that 
\F>Fk\ < Ck and DFk equals zero outside the set F~ l {Ck) whose measure 
is comparable to k~ n . Hence 



s 2 ^ cp 2 A s- 



,4 Etf 



> S 3 -> SCP 2 ->•■•■, 



(3.1) 



F k = G o g k o F 




as k — > oo. 



and thus the convergence to the constant map is in W ' p . 
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This shows that the mappings can be arbitrarily close to the con- 
stant map, so the degree cannot be defined as a continuous function on 
H l *(M,N), n-l<p<n. 

Now the second part: we shall prove that, as long as the universal cover 
N of N is not a rational homology sphere, the degree is well defined in 
H 1,P (M, N), n — 1 < p < n. To this end, we will show that it is continuous 
on C°°(M, N) equipped with the W 1,p distance and therefore it extends 
continuously onto the whole H 1,P (M, N). In fact, since the degree mapping 
takes value in Z, we need to show that any two smooth mappings that are 
sufficiently close in H 1,P (M, N) have the same degree. 

Consider two smooth mappings g,h : M — > N that are sufficiently close 
to a given mapping in H 1,P (M,N). By Lemma 13.21 of White, g and h are 
(n — l)-homotopic, i.e. there exists a triangulation T of M such that g and 
h are homotopic on the (n — l)-skeleton M n ~ l . Let H : M n_1 x [0, 1] — > N 
be the homotopy, H(x,0) = g(x), H(x, 1) = h(x) for any x £ M n_1 . 

Let us now look more precisely at the situation over a fixed n-simplex A 
of the triangulation %. We have just specified a continuous mapping Ti on 
the boundary of A x [0, 1]: it is given by g on A x {0}, by h on A x {1} and 
by H on <9A x [0,1]. 

Note that d(A x [0, 1]) is homeomorphic to S n , therefore the mapping 
% : d(A x [0, 1]) — > N is of degree zero, since N is not a rational homology 
sphere. We thus may fix orientation of dA x [0, 1] , so that 



(3.2) J g = J h + Jh- 

JA JA JdAx[0,l] 

Recall that the Jacobian Jy of a function / : M — > N, with fixed vol- 
ume forms fjL on M and v on N, is given by the relation f*v = J//i, and 
deg/ = (J M Jf d/i) j (J N du) = \N\ J M Jf dfx. Therefore, by summing up 
the relations (|3.2p over all the ra-simplices of T we obtain 



\N\degg= [ Jgd^ 

JM 



y2 [ J h dfj,+ J H dfi 
A „ gX \JA» JdA»x[Q,l] , 



j h d/j,+ y2 jHdn 

JM AneX JdA"x[0,l] 

\N\degh+ y~] / J H dfi. 

An ^iaA™x[o,il 



We observe that every face of dA n x [0, 1] appears in the above calculation 
twice, and with opposite orientation, thus X^A n ei J*9A n x[o l] ^ H cance l s to 
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zero, and deg g = deg h. Finally, if the universal cover of N is not a rational 
homology sphere and vr n _i(iV) = 0, then H^ P {M, N) = W 1,P {M, N) by [221 
Corollary 1.7] and hence the degree is well defined in W ,P (M, N). □ 

4. ORLICZ-SOBOLEV SPACES AND PROOFS OF THEOREMS 11.11 AND 11.31 

We shall begin by recalling some basic definitions of Orlicz and Orlicz- 
Sobolev spaces; for a more detailed treatment see e.g. [H Chapter 8] and 
[13 Chapter 4]. 

Suppose P : [0, oo) — > [0, oo) is convex, strictly increasing, with P(0) = 0. 
We shall call a function satisfying these conditions a Young function. Since 
we want to deal with Orlicz spaces that are very close to L n , we will also 
assume that P satisfies the so-called doubling or A2- condition: 

(4.1) there exists K > such that P(2t) < K P(t) for all t > 0. 

This condition is very natural in our situation and it simplifies the theory 
a great deal. Under the doubling condition the Orlicz space L P (X) on a 
measure space (X, (a) is defined as a class of all measurable functions such 
that J x P(\f\) dfi < 00. It is a Banach space with respect to the so-called 
Luxemburg norm 

||/|| P =inf|fc>0 : j^P(|/|/fc)<l| . 

We say that a sequence (/&) of functions in L P (X) converges to / in 
mean, if 

lim / P(|/ fe -/|)=0. 

It is an easy exercise to show that under the doubling condition the conver- 
gence in L p is equivalent to the convergence in mean. 

For an open set 17 C M n we define the Orlicz- Sobolev space W l,p (Q) as 
the space of all the weakly differentiable functions on for which the norm 

m 

\\f\h,P=\\f\\Li+J2\\ D ifW p 

8=1 

is finite. For example, if P(t) = t p , then W 1,p = W 1,p . In the general 
case, convexity of P implies that P has at least linear growth and hence 
L P (Q) C £f oc (fi), VF 1 ' P (0) C W^(n). Using coordinate maps one can 
then easily extend the definition of the Orlicz-Sobolev space to compact 
Riemannian manifolds, with the resulting space denoted by W^ P {M). 

Let now M and N be compact Riemannian manifolds, n = dimM. We 
shall be interested in Orlicz-Sobolev spaces that are small enough to exclude, 
for M = B n , N = S 1 ™ -1 , the radial projection x h-> x/\x\. As shown in 
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[T71 p. 2], to exclude such projection it is necessary and sufficient for P 
to grow fast enough to satisfy the so-called divergence condition, already 
announced (see (jl.ip ) in the Introduction: 



The function Pit) = t n satisfies this condition, but we are not interested in 
Orlicz-Sobolev spaces that are to small - that are contained in W 1,n (M, N), 
so we impose an additional growth condition on P, already stated (see (|1.2p ) 
in the Introduction: 



This condition is important. In the case of P(t) = t n the degree and ho- 
motopy results for mappings between manifolds are well known and in this 
instance the results hold without any topological assumptions about the tar- 
get manifold N . Our aim is to extend the results beyond the class W l,n and 
the dependence on the topological structure of N is revealed only when the 
Orlicz-Sobolev space is larger than W ,n , so we really need this condition. 

In order to have C°°{M,N) functions dense in L P (M,N), we need yet 
another technical assumption: that the function P does not 'slow down' too 
much, more precisely, that 

(4.2) the function t _Q P(t) is non-decreasing for some a > n — 1. 

This condition is also natural for us. We are interested in the Orlicz-Sobolev 
spaces that are just slightly larger than W 1 '™, so we are mainly interested 
in the situation when the growth of P is close to that of t n and the above 
condition requires less than that. Note that it implies 



The condition (14. 2D plays an important role in the proof of density of 
smooth mappings. 

Lemma 4.1. |17l Theorem 5.2] If the Young function P(t) satisfies the 
divergence condition (jl.ip . doubling condition (14.11) and growth condition 
P~2"]) . then C°°(M,N) mappings are dense in W l ' p (M,N). 

In particular, in order to extend continuously the notions of degree and 
homotopy classes to W 1,P (M, N), it is enough to prove that they are con- 
tinuous on C°°{M, N) endowed with W l,p norm (provided P satisfies all 
the hypotheses of Lemma I4.ip . 

Note that density of smooth mappings in W 1,P (M, N) and the embedding 
W 1 ' P (M,N) «-»■ W 1 ' n ~ l (M, N) implies that W^ P (M,N) «-»■ H x > n ~ x {M, N) 

Proof of Theorem \1.SX Let M, N and P be as in the statement of Theo- 
rem [L3l Assume also that n n {N) = 0. By the above remark, it is enough 




P(t) 



o(t n ) as t -4 oo. 



W^ P {M,N) W 1,a (M, N) ^ W 



l,n-l 



(M,N). 
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to prove that if two smooth mappings f,g:M—>N are sufficiently close to 
a W 1,P {M, N) mapping in || • H^p-norm then they are homotopic. However, 
by the inclusion W 1 ' P (N,M) ^ iJ 1,n-1 (iV,M), we know that / and g are 
close in H l,n ~ l (N, M), and by Theorem 11.41 they are homotopic. 

If 7r n (N) ^ 0, we can construct, like in the proof of Theorem 11.41 a 
sequence of non-nullhomotopic mappings convergent to a constant mapping 
in W 1 ' P (S n , N). Indeed, the mappings G k constructed as in the proof of 
Theorem 11.41 converge a.e. to a constant mapping, so they converge to 
a constant mapping in mean and hence in L p . On the other hand, the 
derivative of G k = G o g k is bounded by Ck and hence 

f P(\DG k \)<P(Ck)\C k \<C'P(k)k- n ^0 asfc^oo 
Js n 

by (11. 2ft and the doubling condition. Hence DG k converges to zero in mean 
and thus in L p . □ 



Proof of Theorem If the universal cover of N is not a rational homology 
sphere, the continuity of the degree mapping with respect to the Orlicz- 
Sobolev norm, as in the previous proof, is an immediate consequence of 
Theorem 11.51 - our assumptions on P give us an embedding of W 1 ' P (M, N) 
into H l ' n - X {M,N). 

What is left to prove is that if the universal cover of N is a rational 
homology sphere, the degree cannot be defined continuously in W l,p (M, N). 
If F k = G o g k o F are the mappings defined as in the proof of Theorem 11.51 
then F k converges a.e. to a constant map, so it converges in L p . As concerns 
the derivative, |-D-Ffc| is bounded by Ck and different than zero on a set 
i ?_1 (Cfc) whose measure is comparable to k~ n , so 

f P{\DF k \)<P(Ck)\F- 1 {C k )\<C'P{k)k- n ^O as k ->■ oo 

by (|1.2p and the doubling condition. Hence DF k converges to zero in mean 
and thus in L p . □ 
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